Vietoris-Rips Homology Theory for Semi-Uniform Spaces by Rieser, Antonio
ar
X
iv
:2
00
8.
05
73
9v
1 
 [m
ath
.A
T]
  1
3 A
ug
 20
20
VIETORIS-RIPS HOMOLOGY THEORY FOR SEMI-UNIFORM
SPACES
ANTONIO RIESER
Abstract. The Vietoris-Rips complex was first introduced in 1927 by Leopold
Vietoris [9], and while it is now widely used in both topological data analysis
and the theory of hyperbolic groups, many of the fundamental properties of its
homology have remained elusive. In this article, we define the Vietoris-Rips
homology for semi-uniform spaces, which generalizes the classical theory for
graphs and metric spaces, and provides a natural, general setting for the con-
struction. We then prove a version of the Eilenberg-Steenrod axioms in this
setting, giving a natural definition of homotopy for semi-uniform spaces in the
process.
1. Introduction
The Vietoris-Rips complex and its homology and cohomology have become indis-
pensible tools in the applications of algebraic topology, particularly to areas with
a combinatorial flavor. In topological data analysis, it has become the standard
homology theory used to analyze data with persistent homology [1, 10, 11], and
before its emergence as a computational tool, it was already widely used in the
study of hyperbolic groups [4, 5]. Despite its popularity, however, little is known
about even the most basic properties of the Vietoris-Rips homology, except in the
limiting case when the defining parameter approaches zero, i.e. the so-called ‘met-
ric cohomology’ studied by Hausmann in [6]. Indeed, the standard properties, i.e.
the Eilenberg-Steenrod axioms, fail for the classical Vietoris-Rips homology with a
fixed scale parameter r > 0, even in the form studied in [6] for metric spaces, and
to date, no alternative has been proposed.
In this article, we construct a version of the Vietoris-Rips homology by first
encoding the scale parameter into the structure of the space, and then constructing a
Vietoris-Rips homology theory for such space-scale pairs. Once this is accomplished,
we demonstrate that a version of the Eilenberg-Steenrod axioms does, in fact, hold.
The encoding of the scale parameter into the space is achieved through the choice
of a semi-uniform structure given by the parameter. Indeed, we will develop the
Vietoris-Rips theory for general semi-uniform spaces, and we do not actually require
the metric for the constructions. As a result, the theory also applies to graphs
and other cases of interest in combinatorics as well. In the last section, we show
that our construction reduces to the standard Vietoris-Rips complex on graphs,
and that the ≤-version of the Vietoris-Rips complex on finite metric spaces, and
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the results in Section 4 are new even for the classical Vietoris-Rips homology in
these cases. We additionally show that, as in the classical case, the homology
of a Riemannian manifold may be recovered by the (semi-uniform) Vietoris-Rips
homology of a sufficiently Gromov-Hausdorff close finite metric space,
We remark, too, that studying the Vietoris-Rips theory from this point of view
clarifies that there is no essential difference between such ‘topological’ construc-
tions for graphs and those for more general spaces. Indeed, these results give an
illustrative example of how considering homotopy and homology in non-topological
categories unifies many situations of interest, thus providing significant conceptual
and technical advantages over developing the relevant theory in each area sepa-
rately.
2. Semi-uniform spaces
In this section, we give a brief introduction to semi-uniform spaces, which will
be our primary objects of study. Further details may be found in [2].
2.1. Semi-uniform spaces. Semi-uniform spaces and uniformly continuous func-
tions between them generalize the essential aspects of uniform continuity in metric
spaces to a wider collection of spaces and maps.
In order to define semi-uniform structures, we will first need the following pre-
liminary definitions.
Definition 2.1. For a set U ⊂ X ×X , we define U−1 := {(y, x) | (x, y) ∈ U}, and
for a subset A ⊂ X , we define U [A] := {y ∈ X | (a, y) ∈ U ⊂ X ×X for some a ∈
A}. If A = {x}, we write U [x] for U [{x}], and if F is a collection of subsets of X×X
(such as a filter), then we define the collection of sets [F ][A] := {U [A] | U ∈ F}.
We also recall the definition of a filter.
Definition 2.2 ([2]Definition 12.B.2). Let X be a set, and let F be a non-empty
collection of subsets of A. We say that F is a filter on X if
(1) ∅ /∈ F
(2) A,B ∈ F =⇒ A ∩B ∈ F
(3) A ∈ F , A ⊂ B ⊂ X =⇒ B ∈ F
A collection F satisfying the above definition is sometimes called a proper filter
in the literature, with filter being reserved for collections F which only satisfy Items
2 and 3. However, since all of the filters we will encounter do not contain the empty
set, we will not make this distinction in this article.
We now proceed to the definition of a semi-uniform space.
Definition 2.3. Let X be a set. A semi-uniform structure on X is a filter F on
X ×X such that
(1) Each set in F contains the diagonal ∆ ⊂ X ×X
(2) If U ∈ F , then U−1 contains an element of F
Note that, since F is a filter, then item 2 above is equivalent to: (2′) U−1 ∈ F .
A semi-uniform space (X,F) is a pair consisting of a set X and a semi-uniform
structure F on X .
Definition 2.4. We say that a function f : (X,FX) → (Y,FY ) is uniformly con-
tinuous iff, for each V ∈ FY , there exists a U ∈ FX such that (x, y) ∈ U implies
(f(x), f(y)) ∈ V .
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Definition 2.5. Let (X,F) be a semi-uniform space. If G is a filter base for F ,
then we say that G is a base for the semi-uniformity F . Similarly, a subbase for the
semiuniformity F is a subbase for the filter F .
Our principal examples of semi-uniform spaces will be built from semi-pseudometrics,
defined here.
Definition 2.6. A semi-pseudometric d : X ×X → R on X is a map such that
(1) d(x, x) = 0 for all x in X .
(2) d(x, y) = d(y, x) for all (x, y) ∈ X ×X .
Example 2.7. (1) If d is a semi-pseudometric on X , then the collection of sets
Ar = {(x, y) | d(x, y) < r}, where r > 0, form a filter base on X×X which satisfies
conditions 1 and 2 in the definition of a semi-uniform structure. By Theorem 23.A.4
in [2], this implies that it is a filter base for a semi-uniform structure F on X , which
we will call the semi-uniformity induced by d.
(2) Suppose that (X, d) is a semi-psueometric space, and let q ≥ 0. Then the
function dq : X ×X → R defined by
dq(x, y) =
{
d(x, y)− q d(x, y) > q
0 d(x, y) ≤ q
is also a semi-pseudometric on X . Denote by Fq the semiuniformity induced by dq
constructed in example 1 above. We will refer to Fq as the semi-uniformity induced
by d at scale q.
(3) As above, let (X, d) be a metric space, and suppose that q > 0. Define the
function d≤q : X ×X → R by
dq(x, y) =
{
d(x, y) d(x, y) > q
0 d(x, y) ≤ q.
and note that dq is a semi-pseudometric on X . Denote by F≤q the semi-uniformity
induced by d≤q constructed in Example 1 above. We will say that Fq is the closed
semi-uniformity induced by d at scale q. Note that the main difference between this
structure and the structure Fq in Example 2 is that
A¯q := {(x, y) | d(x, y) ≤ q} ∈ F≤q,
whereas A¯q /∈ Fq.
There is a particularly nice characterization of uniformly continuous functions
between semi-uniform spaces induced by metrics as in Example 2 above.
Definition 2.8. Let (X, dX) and (Y, dY ) be metric spaces. We say that a function
f : X → Y is (p, q)-continuous iff ∀ǫ > 0, ∃δ > 0 such that, for every x, y ∈ X we
have
dX(x, y) < p+ δ =⇒ dY (f(x), f(y)) < q + ǫ.
Proposition 2.9. Let (X, dX) and (Y, dY ) be metric spaces, and let p, q ≥ 0. A
function f : X → Y is (p, q)-continuous iff it is uniformly continuous as a function
f : (X,Fp)→ (Y,Fq) between semi-uniform spaces.
Proof. First, suppose f : X → Y is (p, q)-continuous, and let V ∈ Fq. Then, by
definition of Fq, ∃r > q such that
(1) Vr := {(y, y′) ∈ Y × Y | dY (y, y′) < r)} ⊂ V.
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Choose 0 < ǫ < r − q. Since f is (p, q)-continuous, there exists a δ > 0 such that
dX(x, y) < p+ δ =⇒ dY (f(x), f(y)) < q+ ǫ. Therefore, f(Up+δ) ⊂ Vr ⊂ V , where
Up+δ := {(x, x
′) ∈ X ×X | d(x, x′) < p+ δ}.
However, Up+δ ∈ Fp by definition of Fp. Since V ∈ Fq was arbitrary, it follows
that f is uniformly continuous.
Now suppose that f is uniformly continuous as a map between the semi-uniform
spaces (X,Fp)→ (Y,Fq), and let ǫ > 0. Define
Vǫ := {(y, y
′) ∈ Y × Y | d(y, y′) < q + ǫ}.
Since f is uniformly continuous, and each Vǫ ∈ Fq, then there exists a U ∈ Fp such
that f(U) ⊂ Vǫ. However, Fp is generated by sets of the form
Uδ := {(x, x
′) ∈ X ×X | d(x, x′) < p+ δ},
where δ > 0. Therefore, there exists a δ > 0 such that Uδ ⊂ U , so we have
f(Uδ) ⊂ f(U) ⊂ f(Vǫ), and it follows that f is (p, q)-continuous. 
3. The Vietoris-Rips Complex and Vietoris-Rips Homology
Let (X,F) be a semi-uniform space. For every element U ∈ F , we now define
a simplicial complex from the pair (X,U), which we denote ΣXU . We proceed as
follows. First, we construct the graph G(X,U) = (V,E) by:
V = {x | x ∈ X}
E = {(x0, x1) | (x0, x1) ∈ U}
Note that a priori, this gives a directed graph. If, for every (x0, x1), the edge
(x1, x0) also exists, then we replace the directed graph with an undirected graph,
which we still denote G(X,U). If G(X,U) is undirected, we let ΣXU be the clique
complex of G(X,U). If G(X,U) is directed, then we let ΣXU be the directed
clique complex of G(X,U). That is, in the directed case, we say that a finite
set {x0, . . . , xq} is a q-simplex in ΣXU iff there exists a permutation of the indices
γ : {0, . . . , q} → {0, . . . , q} such that (xγ(i), xγ(j)) ∈ E if γ(i) < γ(j). Note that we
do not assume a global ordering of the vertices, and so all possible orderings of the
vertices {x0, . . . , xn} are considered when determining whether the collection forms
a simplex in the directed flag complex. If there exists such a permutation, then for
any subset of {xγ(0), . . . , xγ(q)} the condition (xγ(i), xγ(j)) ∈ E if γ(i) < γ(j) is also
fulfilled, and so ΣXU is indeed a simplicial complex.
Definition 3.1. We call the simplicial complex ΣXU the Vietoris-Rips complex of
the pair (X,U).
3.1. Vietoris-Rips homology and cohomology. Let (X,F) be a semi-uniform
space. For A ⊂ X and U ∈ F , define
UA := U ∩ (A×A).
We further define the relativation of F , written FA, to be the collectino of sets
FA := {UA | U ∈ F , UA 6= ∅}.
Proposition 3.2. The collection of sets FA forms a semi-uniform structure on A.
Proof. Immediate from the definitions. 
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Definition 3.3. Let A ⊂ X . We write (X,A,F) to denote the pair of semi-uniform
spaces ((X,F), (A,FA)), which we will call a semi-uniform pair.
The relation between the Vietoris-Rips complexes ΣAUA and Σ
X
U is given by the
following proposition.
Proposition 3.4. Let (X,F) be a semi-uniform space. Suppose that A ⊂ X, and
U ∈ F . Then ΣAUA is a subcomplex of Σ
X
U .
Proof. Let σ := (x0, . . . , xn) ∈ ΣAUA , and without loss of generality suppose that
(xi, xj) ∈ UA for all i < j. Then, in particular, (xi, xj) ∈ U for all i < j, and
therefore σ ∈ ΣXU , as desired. 
Definition 3.5. Let (X,F) be a semi-uniform space, A ⊂ X , U ∈ F , and let ΣXU
and ΣAUA be the respective Vietoris-Rips complexes. We denote the homology and
cohomology of the simplicial pair (ΣXU ,Σ
A
UA
) with coefficients in the abelian group
G by
HV R∗ (X,A:U ;G) := H∗
(
ΣXU ,Σ
A
UA
;G
)
H∗V R(X,A:U ;G) := H
∗(ΣXU ,Σ
A
UA
;G)
which we call the Vietoris-Rips homology and the Vietoris-Rips cohomology of
(X,A,U), repsectively. When A = ∅, we will simply write HV R∗ (X : U ;G) and
H∗V R(X :U ;G). Additionally, whenG = Z, we writeH
V R
∗ (X,A:U) andH
∗
V R(X,A:U)
for HV R∗ (X,A:U ;Z) and H
∗
V R(X,A:U ;Z), respectively.
Lemma 3.6. Let (X,A,F) be a semi-uniform pair, and let U,U ′ ∈ F with U ⊂ U ′.
Then there is a simplicial embedding
ιU ′U : (Σ
X
U ,Σ
A
UA
)→ (ΣXU ′ ,Σ
A
U ′
A
)
which induces homomorphisms on the simplicial homology and cohomology groups
ιU
′U
∗ :H
V R
∗ (X,A:U)→ H
V R
∗ (X,A:U
′)
ι∗UU ′ :H
∗
V R(X,A:U
′)→ H∗V R(X,A:U).
Proof. Define ιU ′U by
ιU ′U (x0, . . . , xn) = (x0, . . . , xn)
Since U ⊂ U ′, any simplex σ ∈ ΣXU is also in Σ
X
U ′ , it follows that ιU ′U is a simplicial
embedding. Restriction of ιU ′U to ΣAUA gives the corresponding injection, and
the homomorphisms on simplicial homology and cohomology are produced by the
functoriality of homology and cohomology of simplicial complexes. 
Define a partial order < on F by: U < U ′ iff U ⊂ U ′. Since F is closed under
finite intersections by definition, (F , <) is a directed set, and Lemma 3.6 makes
the homology and cohomology groups HV R∗ (X,A : U) and H
∗
V R(X,A : U) into
inverse and directed systems, respectively. This observation leads to the following
definitions.
Definition 3.7. We define the Vietoris-Rips homology of (X,A,F) with coeffi-
cients in G by
HV R∗ (X,A,F ;G) = lim←−
HV R∗ (X,A, :U ;G).
The Vietoris-Rips cohomology of (X,A,F) is given by
H∗V R(X,A,F ;G) = lim−→
H∗V R(X,A:U,U ;G)
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where the respective limits are taken over the elements of F .
Remark 3.8. Note that, since U and U−1 are in F , and since F is a (proper) filter,
we have that ∅ 6= U ∩ U−1 ∈ F , and so the subcollection of symmetric elements
of F is cofinal in F . This allows us to compute the Vietoris-Rips homology and
cohomology of (X,A,F) solely from the clique complexes of undirected graphs.
4. The Eilenberg-Steenrod axioms
The Eilenberg-Steenrod axioms form the essential elements of a homology theory
on topological spaces. In this section, we give a version of the Eilenberg-Steenrod
axioms for semi-uniform spaces, and we show that they are satisfied by the Vietoris-
Rips homology and cohomology defined in Section 3 above.
4.1. Functoriality. We first construct the homomorphisms on homology and co-
homology induced by uniformly continuous maps of the pair f : (X,A,FX) →
(Y,B,FY ), i.e. where f : (X,FX)→ (Y,FY ) is uniformly continuous and f(A) ⊂ B.
We begin with the following lemma.
Lemma 4.1. Let f : (X,A,FX) → (Y,B,FY ) be a uniformly continuous map of
pairs. Then, for every V ∈ FY , there exists a U ∈ FX and an induced simplicial
map of simplicial pairs
f˜V U :
(
ΣXU ,Σ
A
UA
)
→
(
ΣYV ,Σ
B
VB
)
.
Proof. We first note that, since f is uniformly continuous, then, by definition, for
every V ∈ FY , there exists a U ∈ FX such that f(U) ⊂ V . We construct the
induced map f˜ : ΣXU → Σ
Y
V . First, without loss of generality, let σ = (x0, . . . , xn) ∈
ΣXU be such that (xi, xj) ∈ U for all i < j. Then define
f˜(σ) := (f(x0), . . . , f(xn)).
Since f(U) ⊂ V , it follows that (f(xi), f(xj)) ∈ V for any i < j, and therefore
f˜(σ) ∈ ΣYV , making f˜ a simplicial map. Furthermore, since f(A) ⊂ B, f˜
(
ΣAUA
)
⊂
ΣBVB , and therefore f˜ is a simplicial map of pairs, as desired. 
Lemma 4.2. Let (X,FX) and (Y,FY ) be semi-uniform spaces and suppose the
map f : (X,FX) → (Y,FY ) is uniformly contiuous. Let V, V ′ ∈ FY with V ⊂ V ′,
and let U,U ′ ∈ FX be such that f(U) ⊂ V and f(U ′) ⊂ V ′, respectively. Then the
induced maps on homology and cohomology make the diagrams
H∗(X,A:U ;G) H
∗(Y,B :V ;G)
H∗(X,A:U
′;G) H∗(Y,B :V
′;G)
f˜V U∗
ι∗
U′U
ι∗
V ′V
f˜V
′U′
∗
and
H∗(Y,B :V ′;G) H∗(X,A:U ′;G)
H∗(Y,B :V ;G) H∗(X,A:U ;G)
f˜∗V U
ι∗
V V ′
ι∗
UU′
f˜∗
V ′U′
commute.
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Remark 4.3. Note that the existence of U,U ′ ∈ FX is guaranteed by the uniform
continuity of f .
Proof. We first consider the diagram of simplicial complexes
ΣXU Σ
Y
V
ΣXU ′ Σ
Y
V ′
f˜V U
ιU′U ιV ′V
f˜V ′U′
where the ι∗∗ are defined as in Lemma 3.6 and the f˜∗∗ are the simplicial maps
from Lemma 4.1. Let σ = (x0, . . . , xn) ∈ ΣXU . By construction, ιU ′U (σ) = σ, and
f˜V ′U ′(σ) = (f˜(x0), . . . , f˜(x
′)). Similarly, we have that fV U (σ) = (f(x0), . . . , f(xn)),
and ιV ′V (f(x0), . . . , f(xn)) = (f(x0), . . . , f(xn)). Since the simplex σ ∈ ΣXU was
arbitrary, the diagram commutes. Applying the homology and cohomology functors
to this diagram, and the result follows. 
Theorem 4.4. Let (X,A, c) be a closure space pair, where (X, c) is semi-uniformizable.
The Vietoris-Rips homology HV R∗ (X,A, c) and cohomology H
∗
V Rk
(X,A, c) are func-
torial with respect to uniformly continuous maps.
Proof. The theorem follows from Lemmas 4.1 and 4.2. 
4.2. Exactness.
Theorem 4.5. Let (X,A,F) be semi-uniform pair, and G an abelian group. Then
there is a functorial long-exact sequence of pairs
· · · → H∗V R(X,A;G)→ H
∗
V R(X ;G)→ H
∗
V R(A;G)→ H
∗+1
V R (X,A;G)→ · · ·
and a functorial sequence of order two
· · · → HV R∗ (A;G)→ H
V R
∗ (X ;G)→ H
V R
∗ (X,A;G)→ H
V R
∗−1(A;G)→ · · ·
Proof. For each element U ∈ F , one has the corresponding long exact sequences
from simplicial homology and cohomology. Since exactness is preserved by direct
limits, and exactness is of order two for indirect limits, it follows the sequence of
pairs is exact for H∗V R(X,A;G) and of order two for H
V R
∗ (X,A;G). 
4.3. The Dimension Axiom.
Theorem 4.6. Let (p,Fp) denote the one point semi-uniform space. Then
HV Rn (p;G)
∼= HnV R(p;G)
∼=
{
G n = 0
0 n > 0,
Proof. Since the one-point set only has a single point, the dimension axiom follows
from the corresponding result for simplicial complexes. 
4.4. The Excision axiom. For the excision axiom, we first note that the simpli-
cial homology and cohomology groups of a combinatorial simplicial complex are
isomorphic to the homology and cohomology groups of its geometric realization.
We first quote the following results from [8], which we will use in the proof of the
lemma which follows.
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Lemma 4.7 ([8], Proposition 7.5). If the CW-complex Σ is the union of sub-
complexes Σ1 and Σ2, then the inclusion i : (Σ1,Σ1 ∩ Σ2) →֒ (Σ,Σ2) induces an
isomorphism
in : Hn(Σ1,Σ1 ∩Σ2)
∼=−→ Hn(Σ,Σ2).
for all n ∈ Z.
Remark 4.8. As mentioned on page 125 of [8], the dual of the above result also holds,
by dualizing its proof. Therefore, we also have that i induces an isomorphism in
cohomology
in : Hn(Σ,Σ2)
∼=
−→ Hn(Σ1,Σ1 ∩Σ2)
for every n ∈ Z as well.
Theorem 4.9 (Excision). Let (X,F) be a semi-uniform space, and let B ⊂ A ⊂ X.
Suppose that there exists an element W ∈ F such that, for every U ⊂W , U ∈ F ,
U [B] ⊂ A.
Then
H∗V R(X −B,A−B : F ;G)
∼= H∗V R(X,A : F ;G)
and
HV R∗ (X −B,A−B : F ;G) ∼= H
∗
V R(X,A : F ;G).
Proof. Let A ⊂ B ⊂ X , and let U ′ < W,U ′ ∈ F ′. Let U = U ′ ∩ (U ′)−1, and note
that U is symmetric, i.e. U = U−1. We first show that
ΣXU = Σ
A
UA
∪ Σ
(X−B)
U(X−B)
.
Let σ = (x0, . . . , xn) ∈ ΣXU and suppose that σ /∈ Σ
(X−B)
U(X−B)
. Then there must be
at least one xi ∈ {x0, . . . , xn} with xi ∈ B ⊂ A. However, since U is symmetric,
this implies that xj ∈ U [xi] ⊂ U [B] ⊂ A for all xj ∈ σ. It follows that (xj , xk) ∈
U ∩ (A×A) for all xj , xk ∈ {x0, . . . , xn}, and therefore
σ ∈ ΣAUA .
Now suppose that σ /∈ ΣAUA . Then there exists xi ∈ {x0, . . . , xn} such that
xi ∈ X − A. Suppose there exists a j where xj ∈ B. Then xi ∈ U(B) ⊂ X − A,
a contradiction, and therefore, xj ∈ X − B for all xj . Furthermore, we have
(xj , xk) ∈ U ∩ ((X −B)× (X −B) for all xj , xk ∈ {x0, . . . , xn}, and therefore
σ ∈ Σ
(X−B)
U(X−B)
.
Taking Σ1 = X −B and Σ2 = A in Lemma 4.7 and Remark 4.8, we have
H∗V R(X −B,A−B : U ;G)
∼= H∗V R(X,A : U ;G)
and
HV R∗ (X −B,A−B : U ;G)
∼= H∗V R(X,A : U ;G)
Since the set of symmetric controlled sets U is cofinal in F , the result follows. 
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4.5. The Homotopy axiom. For the Homotopy axiom, we will follow the general
line of proof in the proof of the corresponding axioms for Čech homology and
cohomology in [3]. Before we begin, we define several terms.
Definition 4.10. Let I := [0, 1], and let Fτ := F0 be the semi-uniform structure
generated by sets of the form {(x, y) | d(x, y) < r}, for some r > 0, as in Example
2.7 (1). Let (X,FX) be a semi-uniform space, write (X × I,FΠ) for the product
semi-uniform space of (X,FX) and (I,Fτ ), and suppose that (Y,FY ) is a semi-
uniform space.
We say that two uniformly continuous maps f, g : (X,FX)→ (Y,FY ) are homo-
topic, or f ≃ g, iff there exists a uniformly continuous map
H : (X × I,FΠ)→ (Y,FY )
such that {
H(x, 0) = f(x)
H(x, 1) = g(x)
for all x ∈ X . If
We say that two semi-uniform spaces (X,FX) and (Y,FY ) are homotopy equiva-
lent, or (X,FX) ≃ (Y,FY ), iff there exist uniformly continuous maps f : (X,FX)→
(Y,FY ) and g : (Y,FY )→ (X,FX) such that g ◦ f ≃ 1X and f ◦ g ≃ 1Y .
In this section, we wish to prove the homotopy invariance of the Vietoris-Rips
homology and cohomology, i.e.
Theorem 4.11. Let (X,FX) and (Y,FY ) be semi-uniform spaces, and suppose
f0, f1 : (X,FX)→ (Y,FY ) are uniformly continuous maps with f0 ≃ f1. Then
f0∗ = f1∗ : H
V R
∗ (X,A,FX)→ H
V R
∗ (Y,B,FY ), and
f∗0 = f
∗
1 : H
∗
V R(Y,B,FY )→ H
∗
V R(X,A,FX)
We first show that it will be sufficient to prove the following.
Theorem 4.12. Let g0, g1 : (X,FX) → (X,FX) × (I, τ) be defined by g0(x) =
(x, 0), g1(x) = (x, 1). Then g0∗ = g1∗ and g
∗
0 = g
∗
1 .
Lemma 4.13. Theorem 4.12 is equivalent to Theorem 4.11.
Proof. Theorem 4.11 =⇒ Theorem 4.12: g0 and g1 are homotopic by the homo-
topy H : (X,FX) × (I, τ) → (X,FX) × (I, τ) defined by H(x, t) = (x, t), which
is uniformly continuous, since the identity from a semi-uniform space to itself is
uniformly continuous. .
Theorem 4.12 =⇒ Theorem 4.11: Suppose H : (X,FX) × (I, τ) → (Y,FY ) is
a homotopy for f0, f1 : (X,FX)→ (Y,FY ). Then fi = H ◦ gi. By functoriality, we
have fi∗ = H∗gi∗ and f∗1 = g
∗
iH
∗. Since g0∗ = g1∗ and g∗0 = g
∗
1 , by hypothesis, the
result follows. 
4.5.1. Acyclic carriers. Before proceeding with the proof of Theorem 4.12, we will
first review some terminology and results on common acyclic carriers in simpicial
complexes that we need for the proof. The following section is summarized [3], VI,
section 5. More details may be found there.
Definition 4.14. Let K be a simplicial complex and G an abelian group, let
C0(K;G) denote the 0-th dimensional simplicial chain complex, generated by the
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vertices of K, and let c :=
∑
i givi ∈ C0(K;G) be an arbitrary element of C0(K;G).
We define the index map Ind : C0(K;G)→ G by Ind(c) = Ind(
∑
i givi) :=
∑
i gi.
Definition 4.15. We say that a map f : K → K ′ between simplicial complexes
is a chain map if the induced map f∗ : C∗(K) → C∗(K ′) satisfies df = fd. We
say that f is an algebraic map if f is a chain map and Ind(f(c)) = Ind(c) for all
c ∈ C0(K).
Definition 4.16. A function which maps simplices σ of a simplicial complex Σ to
subcomplexes S(σ) ⊂ Σ′ of a simplicial complex Σ′ is called a carrier function if,
for every face γ ⊂ σ, S(γ) is a subcomplex of C(σ). If f : Σ → Σ′ is an algebraic
map such that α ⊂ σ ∈ Σ implies f(α) ⊂ C(σ), then C is called the carrier of f .
Definition 4.17. We say that a simplicial complex K is acyclic if H˜q(K) = 0,
where H˜∗(K) is the reduced simplicial homology of the simplicial complex K. We
say that a carrier function C is acyclic if, for each simplex σ, the simplicial complex
C(σ) is acyclic.
Proposition 4.18 ([3], Theorem 5.8). Suppose K and K ′ be simplicial complexes
and that suppose f, g : K → K ′ are algebraic maps with common acyclic carrier
function C. Then f∗ = g∗ and f
∗ = g∗.
4.5.2. Proof of the homotopy axiom. In this section, we will give the proof of The-
orem 4.12. We begin with the following definition.
Definition 4.19. Let (X, d) be a metric space. For every r ∈ (0, 1), let Ur ⊂ I × I
be the set
Ur := {(x, y) ∈ I × I | d(x, y) < r}
Definition 4.20. Let (X, d) be a metric space. We denote by τ the semi-uniform
structure generated by the collection {Ur | r > 0}.
Lemma 4.21. For any r > 0, the Vietoris-Rips complex of (I, Ur), Σ
I
Ur
, is acyclic.
Proof. This follows directly from Haussmann [6], Lemma 2.2. 
Lemma 4.22. Let X be a set with relation R ⊂ X × X. Consider I with the
Euclidean metric and the relation Ur ⊂ I×I defined above, and let σ = {v0, . . . , vk}
be a simplex of ΣXR . Suppose S(σ) is the subcomplex of Σ
X×I
R×Ur
which consists of
all of the simplices in ΣX×IR×Ur whose vertices are of the form (vi, t), vi ∈ σ, t ∈ I.
Then S(σ) is acyclic.
Proof. Consider a simplex γ = ((v0, t0), . . . , (vn, tn)) in S. We note that γ is a
simplex in S iff (t0, . . . , tn) ∈ ΣIUr . Since σ ∈ Σ
X
R , however, this implies that the
map f˜ : S → S induced by the map (vi, t) 7→ (v0, t) is contiguous with the identity,
and therefore the homology and cohomology of S are equal to that of I ×{v0} = I.
Since I is acyclic by Lemma 4.21, the result follows. 
Lemma 4.23. Let (X,FX) be a semi-uniform space, (I, τ) = ([0, 1],F0), and
consider the continuous maps g0, g1 : (X,A)→ (X,FX)× (I, τ) given by
g0(x) := (x, 0),
g1(x) := (x, 1).
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Then, for every V ∈ τ and U ∈ FX , there exists a U˜ ∈ FX be such that fi(U˜) ⊂
U × V for i ∈ {0, 1}, and
g0U˜∗ = g1U˜∗ :H
V R
∗ (X : U˜)→ H
V R
∗ (X × I :U × V )
g∗
0U˜
= g∗
1U˜
:H∗V R(X × I :U × V )→ H
∗
V R(X : U˜)
Proof. Since each gi, i = 0, 1 is continuous, there exists a Ui ∈ FX such that
gi(Ui) ⊂ V . Define U˜ = U0 ∩ U1, and note that U˜ ∈ FX by definition of a semi-
uniform structure. Now, for each simplex σ of ΣX
U˜
, consider the subcomplex C(σ)
of ΣX×IU×V consisting of all simplices with vertices of the form (xi, t), where xi is a
vertex of σ and t ∈ I. By Lemma 4.22, C(σ) is acyclic. Note that, if γ is a face of σ,
then C(γ) ⊂ C(σ), and, furthermore, if c is a chain built on σ, then g˜i(c) ∈ C(σ) for
i ∈ {0, 1}. Since σ ∈ ΣX
U˜
is arbitrary, we have that C(σ) is a common acyclic carrier
for the maps g˜0 and g˜1, and the conclusion follows from Proposition 4.18. 
We now return to the proof of Theorem 4.11.
Proof of Theorem 4.11. By construction of the product semi-uniform structure,
sets of the form U × V , U ∈ FX , V ∈ τ generate FX × τ , and therefore Theo-
rem 4.12 follows from Lemma 4.23 by taking the appropriate limits. Theorem 4.12
now follows from Lemma 4.13. 
5. Isomorphism theorems
Theorem 5.1. Let (X, d) be a finite semi-pseudometric space and suppose that
q > 0 is a positive real number. Let U≤q = {(x, y) | d(x, y) ≤ q}. Then
HV R∗ (X,Fq)
∼= H∗
(
ΣXU≤q
)
, and
H∗V R(X,Fq) ∼= H
∗
(
ΣXU≤q
)
.
Proof. For every ǫ > 0, define
Vq+ǫ := {(x, y) ∈ X ×X | d(x, y) < q + ǫ}.
Since X is finite, there is an ǫ0 > 0 such that, for any 0 < ǫ < ǫ0, Vq+ǫ = U≤q.
Since the collection of sets {Vq+ǫ | 0 < ǫ < ǫ0} is cofinal in Fq and, for each such
0 < ǫ < ǫ0, we have
HV R∗ (X,Vq+ǫ)
∼= H∗
(
ΣXU≤q
)
, and
H∗V R(X,Vq+ǫ)
∼= H∗
(
ΣXU≦
)
.
the result follows. 
Remark 5.2. Recall that, in the classical Vietoris-Rips complex ΣV R(X) defined at
a scale q > 0, the set {x0, . . . , xq} is a simplex in ΣV R(X) iff, for every pair (xi, xj),
d(xi, xj) < q. The above theorem shows that the classical Vietoris-Rips homology
and the one defined here are the same for finite pseudo-metric spaces X and all
q > 0 such that d(x, x′) 6= q for any x, x′ ∈ X .
Theorem 5.3. Let M be a closed Riemannian manifold, and let dGW denote the
Gromov-Hausdorff distance. There exists an ǫ0 > 0 such that, for any 0 < ǫ < ǫ0,
there exists a δ > 0 where, if (X, d) is a finite metric space with dGW (M,X) < δ,
then HV R∗ (X,Fǫ)
∼= H∗(M) and H
∗
V R(X,Fǫ)
∼= H∗(M).
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Proof. By Theorem 1.1 in [7] there exists an ǫ0 > 0 such that for any 0 < ǫ < ǫ0,
HV R∗ (X,Uǫ)
∼= H∗(M) and H∗V R(X,Uǫ) ∼= H
∗(M), where Uǫ is defined by
Uǫ := {(x, y) ∈ X ×X | d(x, y) < ǫ}.
Now fix an 0 < ǫ < ǫ0, and let 0 < ǫ′ < ǫ0 − ǫ. Then HV R∗ (X,Uǫ+ǫ′) ∼=
H∗(M) and H∗V R(X,Uǫ+ǫ′) ∼= H
∗(M). Since the Uǫ+ǫ′ are cofinal in Fǫ, the result
follows. 
Theorem 5.4. Let G = (V,E) be an undirected graph, and let (V,FE) be the
associated semi-uniform space, i.e. mathcalFE is the filter generated by E ∈ V ×
V . Then HV R∗ (V, cE) and H
∗
V R(V, cE) are equal to the homology and cohomology,
respectively, of the clique complex of G.
Proof. By construction, E is a maximal element of FE and therefore the single-
element family {E} is cofinal in FE . The result follows. 
Theorem 5.5. Let (X, d) be a pseudo-metric space, and R a comutative ring.
Then
H∗V R(X, τ ;R)
∼= H∗(X ;R),
where H∗(X ;R) := limǫ→0H∗
(
ΣXUǫ ;R
)
is the metric cohomology defined in [6].
Proof. This is direct from the definition of each cohomology group and the fact
that the Uǫ are cofinal in τ . 
Remark. We see from Theorem 5.5 that the theory developed here is a generalization
of the metric cohomology from Hausmann [6] to general semi-uniform spaces.
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